Abstract. We study a special type of almost complex structures, called pure and full and introduced by T.J. Li and W. Zhang in [16], in relation to symplectic structures and Hard Lefschetz condition. We provide sufficient conditions to the existence of the above type of almost complex structures on compact quotients of Lie groups by discrete subgroups. We obtain families of pure and full almost complex structures on compact nilmanifolds and solvmanifolds. Some of these families are parametrized by real 2-forms which are anti-invariant with respect to the almost complex structures.
Introduction
Let M be a compact oriented manifold of dimension 2n. A symplectic form ω compatible with the orientation is a closed 2-form ω such that the 2n-form ω n is a volume form compatible with the orientation. An almost complex structure J on a symplectic manifold (M, ω) is said to be tamed by ω if ω x (u, Ju) > 0, for every x ∈ M and every tangent vector u = 0 ∈ T x M . J is called calibrated by ω or, equivalently, ω is said to be compatible with J if in addition ω x (Ju, Jv) = ω x (u, v), for any pair of tangent vectors u and v. In this case the pair (ω, J) is an almost-Kähler structure or, equivalently, J is said to be almost-Kähler.
Let C(M ) be the symplectic cone of M , i.e. the image of the space of symplectic forms on M compatible with the orientation under the projection to the de Rham cohomology H 2 (M, R). In are found in [16] . Moreover, on a compact manifold of real dimension 4 any almost complex structure is C ∞ pure and full by [7, Theorem 2.3] .
In Section 2 we review some known facts about calibrated almost complex structures and some properties of almost-Kähler manifolds. In Section 3 we study C ∞ full and pure almost complex structures on compact quotients M = Γ\G, where Γ is a uniform discrete subgroup of a Lie group G, such that the de Rham cohomology H 2 (M, R) of M is isomorphic to the ChevalleyEilenberg cohomology H 2 (g) of the Lie algebra g of G. In this case we show that H respectively) with respect to the metric induced by ω and J, then J is pure and full (Theorem 3.7). We give examples of compact non-Kähler solvmanifolds, i.e. compact quotients of solvable Lie groups by discrete subgroups, satisfying the previous conditions.
In Section 4 we prove that on a compact symplectic manifold which satisfies the Hard Lefschetz condition a C ∞ pure and full almost complex structure is pure and full.
An integrable almost complex structure J is closed but, in general, it is not necessarily (C ∞ ) pure and full. We show that a complex parallelizable manifold (Γ/G, J) for which H 2 (M, R) is isomorphic to the Chevalley-Eilenberg cohomology H 2 (g), then J is C ∞ full and it is pure (Theorem 5.1). We provide an example of complex parallelizable manifold, endowed with a pure and full complex structure, namely the Nakamura manifold, for which the de Rham cohomology is not isomorphic to the Chevalley cohomology of the corresponding solvable Lie algebra (see [18] and [4] ).
By using [3, Proposition 1.16] in section 6 we provide a family of pure and full almost complex structures on a 3-step nilmanifold of real dimension 4 and on two 2-step solvmanifolds of real dimension 4 and 6.
A J-holomorphic map into an almost complex manifold (M, J) is a map f : (Σ, j) → (M, J) from a compact Riemann surface (Σ, j) whose differential is complex linear. Gromov-Witten invariants of a symplectic manifold are counts of holomorphic curves with respect to an almost complex structure compatible with the symplectic structure (see e.g. [15] ). In [14] it was shown that, when M is 4-dimensional, there is a natural infinite-dimensional family of almost complex structures J α parametrized by the J-anti invariant real 2-forms on M . In the last section we construct an explicit family J α of pure and full almost complex structures on a 4-dimensional nilmanifold and on a 4-dimensional solvmanifold.
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Calibrated almost complex structures
Let (V, ω) be a 2n-dimensional symplectic real vector space. We recall the following Definition 2.1. A (linear) complex structure J on (V, ω) is said to be ω-calibrated if:
Denote by C ω (V ) the set of ω-calibrated linear complex structures on V . Then, it is well known (see e.g. [3] ) that:
where M 2n,2n (R) denotes the set of real matrices of order 2n and J n is the standard complex structure on R 2n . Therefore,
We will need the following (see e.g. [20, Corollary 2.7 
Let (M, ω) be a symplectic manifold. Definition 2.3. An almost complex structure J is said to be tamed by ω if ω x (u, Ju) > 0, for any x ∈ M and any tangent vector u = 0 ∈ T x M . J is called calibrated by ω if in addition ω x (Ju, Jv) = ω x (u, v), for any pair of tangent vectors u and v.
For a fixed non-degenerate closed 2-form ω on R 2n = C n , denote by J c (ω) (resp. J t (ω)) the set of almost-complex structures calibrated (respectively tamed) by ω.
By [3, Proposition 1.16] , if on C n one considers the canonical standard symplectic structure (J 0 , ω), then the map
is a diffeomorphism from J t (ω) (resp. J c (ω)) onto the open unit ball in the vector space of matrices (resp. symmetric matrices) L such that J 0 L = −LJ 0 . Indeed, if L is matrix such that ||L|| < 1, then the endomorphism
where I is the identity matrix, is an almost complex structure if and only if J 0 L = −LJ 0 and it is tamed by ω. Moreover, the almost complex structure
is calibrated if and only if L is symmetric. Then, if J 0 is a almost complex structure calibrated by ω and L is a symmetric matrix such that
is still an almost complex structure calibrated by ω.
Let again (M, ω) be a 2n-dimensional symplectic manifold and let Sp ω (M ) be the principal Sp(n, R)-bundle of symplectic frames on M ; then Sp ω (M )/U (n) is the bundle of ω-calibrated almost complex structures on M . Since Sp ω (M ) has contractible fiber, there exist many global sections. Denote by C ω (M ) the space of such sections.
Given an ω-calibrated almost complex structure J ∈ C ω (M ), the space Ω k (M ) of complex smooth differential k-forms has a type decomposition: 
Pure and full almost complex structures and differential forms
Let J be a smooth almost complex structure on a compact 2n-dimensional manifold M . The space Ω k (M ) R of real smooth differential k-forms has a type decomposition:
where Ω p,q
For a finite set S of pairs of integers, let
where the spaces Z In particular J is C ∞ pure if and only if
and J is C ∞ full if and only if Z
where Z 2 and B 2 denote respectively the space of 2-forms which are d-closed and exact. Let
is an isomorphism (see [16, Lemma 4.9] ).
We have to show that a = 0.
where * is the star Hodge operator with respect to the Riemannian metric associated with (ω, J).
, and the orthogonal decomposition
where Ω 0 p,q J (M ) denotes the space of primitive forms of type (p, q), i.e. the space of (p, q)-forms β such that β ∧ ω = 0. In particular
Since α is a real form of type (1, 1) and by (1) it is orthogonal to ω, it follows that α is primitive and, consequently, if n > 2 α ∧ ω n−1 = 0 .
Then, by Lemma 2.2, it follows that α = 0. Hence a = 0. If n = 2 we have that the spaces Ω 0 1,1
(M ) R are respectively the spaces of self-dual and anti-self-dual 2-forms.
Therefore, both α and β are harmonic forms. By the assumption,
and by the harmonicity of α and β, we get α = β. Therefore, α = β = 0, i.e. a = 0.
By the last proposition, we obtain at once that, if (ω, J) is an almost-Kähler structure then J is C ∞ pure. This result has been also proved in [7] . By [7, Theorem 2.3] on a compact manifold of real dimension 4 any almost complex structure is C ∞ pure and full. We will show in the next example that a compact manifold of real dimension 6 may admit non C ∞ pure almost structures.
Example 3.3. Consider the 6-dimensional nilmanifold M , compact quotient of the 6-dimensional real nilpotent Lie group with structure equations
by a uniform discrete subgroup. The left-invariant almost complex structure on M , defined by the (1, 0)-forms
is not C ∞ pure, since one has that
If (ω, J) is a Kähler structure, then of course J is C ∞ pure and full. Therefore, the interesting case is to find examples of C ∞ full and pure almost complex structures, not associated to Kähler structures. 
Since J is C ∞ pure and full we have that
Then the theorem follows by
The previous assumption on the de Rham cohomology of Γ\G is not so restrictive, since it is satisfied when G is completely solvable, so, in particular, if G is nilpotent.
The complex of currents is dual to the complex of forms and vice versa. Since the smooth k-forms can be considered as (2n − k)-currents, the k-th de Rham homology group H k (M, R) is isomorphic to the (2n − k)-th de Rham cohomology group H 2n−k (M, R) of M (see [5] ). Moreover, a k-current is a boundary if and only if it vanishes on the space of closed k-forms.
Indeed, on an almost complex manifold (M, J) the space of real k-currents E k (M ) R has a decomposition:
If α is exact, then one has immediately that (π 1,1 dS)(α) = 0. Suppose that [α] = 0 ∈ H 2 (M, R), then since J is C ∞ pure and full, we can write
If n = 2 in order to prove that J is also full, we have to show that (2) [T ]
Remark 3.8. The assumption in Theorem 3.7 that any (1, 1) (respectively (2, 0)+(0, 2)) de Rham class contains a harmonic representative seems quite strong. Nevertheless, we will provide several examples of compact non-Kähler solvmanifolds satisfying the above assumption. In order to get the pureness of J, it is enough to assume that J is C ∞ full (see also [16] ).
Remark 3.9. In view of [7, Theorem 2.3] , if n = 2, then any almost complex structure J is C ∞ pure and full; therefore by Theorem 3.7 J is pure and full.
Hard Lefschetz condition
Let (M, ω) be a symplectic manifold of dimension 2n. For any pair of (real or complex) k-forms α, β on M , denote by ω(α, β) the bilinear form induced by the symplectic form ω on the space
. Then, according to the above definition of the symplectic Hodge operator, the symplectic codifferential is the operator
. By definition, a k-form α is said to be symplectic harmonic if it satisfies
By [2, Remark 2.4.4] on an almost-Kähler manifold (M, ω, J, g) we have these two properties:
, where * ω denotes the symplectic Hodge operator; II) if α is harmonic of type (p, q), then also * ω d * ω (α) = 0, and, consequently, α is symplectic harmonic.
Since d( * ω ω) = 0, the symplectic form ω on an almost-Kähler manifold (M, ω, J, g) is harmonic.
We recall that a 2n-dimensional symplectic manifold (M, ω) satisfies the Hard Lefschetz condition if the cup-product maps:
By [17] , a compact symplectic manifold (M, ω) satisfies the Hard Lefschetz condition if and only if any de Rham cohomology class has a symplectic harmonic representative. A classical result by [6] states that, if (M, ω, J) is a compact Kähler, i.e. if J is an integrable almost-Kähler structure on a compact manifold, then it satisfies the Hard Lefschetz condition. A natural question is to see if there is any relation in the case of an almost-Kähler structure (ω, J) between the condition for J to be pure and full and the condition for ω to satisfy the Hard Lefschetz property. We can prove the following Theorem 4.1. Let (M, ω) be a 2n-dimensional compact symplectic manifold which satisfies the Hard Lefschetz condition and J be a C ∞ pure and full almost complex structure calibrated by ω. Then J is pure and full.
Proof. If n = 2 the result follows by Theorem 3.7. If n > 2, we know already that J is pure and we have to show that 
Since J is C ∞ pure and full, it follows that
Since ϕ, ψ are real 2-forms of type (1, 1), (2, 0) + (0, 2) respectively and ω n−2 is a real form of type (n − 2, n − 2), condition (3) implies that
where R ∈ H J 1,1 (M ) R and S ∈ H J (2,0),(0,2) (M ) R . Hence, J is pure and full.
Since if n = 2, then it follows that every almost complex structure is C ∞ pure and full (see [7, Theorem 2.3] , it would be interesting to find for n > 2 an example of compact symplectic manifold (M, ω) which satisfies Hard Lefschetz condition and with a non pure and full almost complex structure calibrated by ω.
Integrable pure and full almost-complex structures
An integrable almost complex structure is closed (see [12] ), but in general it is not necessarily (C ∞ ) pure and full. By [16] if J is an integrable almost complex structure and the Frölicher spectral sequence degenerates at E 1 , then J is pure and full. Any complex surface has this property, so in real dimension 4 the interesting case to study is the one of non integrable almost complex structures.
For compact complex parallelizable manifolds, i.e. compact quotients of complex Lie groups by discrete Lie subgroups, we can prove the following 
Proof. Denote by Ω 
with α 1 and α 2 left-invariant and respectively belonging to Z A classification of compact complex parallelizable solvmanifolds of complex dimension 3, 4, 5 was obtained by Nakamura in [18] . Therefore, for instance, we can apply Corollary 5.2 to the Iwasawa manifold endowed with the natural bi-invariant complex structure. The other complex solvmanifold of real dimension 6 is the Nakamura manifold. In this case we can also show that it admits pure and full almost complex structures, even if its de Rham cohomology is not isomorphic to the Chevalley cohomology of the corresponding solvable Lie algebra.
Example 5.3. (Nakamura manifold) Consider the solvable Lie group G with structure equations The Lie group G is isomorphic to C 3 with product * , defined in terms of the complex coordinates on
The Nakamura manifold is the compact quotient X = Γ\G of G by a uniform discrete subgroup Γ.
By [4, Corollary 4.2] we have i.e. in this case the de Rham cohomology of M is not isomorphic to H * (g). The previous representatives are all harmonic forms. The complex solvmanifold X admits a left-invariant almost complex structure J defined by the (1, 0)-forms: are all of type (1, 1) with respect to J and e 23 − e 56 is of type (2, 0) with respect to J. Then, by applying Theorem 3.7 we get that J is pure and full.
Moreover, X admits the bi-invariant complex structureJ defined by the (1, 0)-forms
By Theorem 3.7 J is pure and full.
A family of pure and full almost complex structures
In this section we will provide a family of pure and full almost complex structures on a nilmanifold of real dimension 4 and on two 2-step solvmanifolds of real dimension 4 and 6.
From now on we will use the convention that the almost complex structure J acts on 1-forms as (Jα)(X) = −α(JX), for any 1-form α and vector field X.
Consider the 3-dimensional completely solvable Lie group Sol 3 = R ⋉ φ R 2 , where φ(t) is the one-parameter subgroup defined by φ(t) = diag(e t , e −t ). By [9] a compact quotient M 4 of the Lie group Sol 3 × R with structure equations
by a uniform discrete subgroup admits a symplectic structure which satisfies the Hard Lefschetz condition. The symplectic structure is given by
The compact symplectic manifold is cohomologically Kähler (in fact, it has the same minimal model as T 2 × S 2 ) and it does not carry complex structure. The ω-calibrated almost complex structure J 0 defined by the (1, 0)-forms
is pure and full, since by [13] we have that
and both the forms e 12 and e 34 are of type (1, 1) . We can show that this compact symplectic manifold (M 4 , ω) admits a family of ω-calibrated almost complex structures which are pure and full. Indeed, let us construct a C ∞ pure and full deformation corresponding to the matrix
with respect to the coframe (e 1 , . . . , e 4 ), where I is the identity matrix of order 4, J 0 is the matrix
with t, a ∈ R satisfying the condition 4t 2 a 2 < 1.
A direct computation gives
Therefore, by [3] (see Section 2) the almost complex structure J t is ω-calibrated. A basis of (1, 0)-forms for J t is given by
Thus, we get that J t is a curve of pure and full almost complex structures on M 4 , calibrated by the symplectic form ω.
A 4-dimensional nilmanifoldM
4 . The only two nilmanifolds of dimension 4 which admit an almost-Kähler structure (J, ω) are the Kodaira-Thurston manifold and the 3-step nilmanifold M 4 = Γ\N , compact quotient of the 3-step nilpotent Lie group N , whose nilpotent Lie algebra n has structure equations
where e ij stands for e i ∧ e j . The Kodaira-Thurston manifold has a pure and full integrable almost complex structure since in this case the Frölicher spectral sequence degenerates at E 1 . Since b 1 (M 4 ) = 2,M 4 does not admit any integrable almost complex structure (see [8] ).
By using the same argument as in [11] , we then show that there exists no symplectic 2-form ω onM 4 such thatJ 0 is ω-calibrated. Indeed, if such a non left-invariant symplectic 2-form ω exists, we can consider the left-invariant 2-formω, defined bỹ
where X 1 , X 2 are projections of left -invariant vector fields from G 2 toM 4 and dµ is a bi-invariant volume form onM 4 . The formω is then a closed (1, 1)-form andJ 0 is calibrated byω, but this is a contradiction.
We can construct onM 4 a family of pure and full almost-Kähler structures. In order to do this, we will change a little bit our notation. We change the basis of 1-forms so that, in the new coframe {f 1 , . . . , f 4 }, the structure equations are
Then the almost-Kähler (ω, J 0 ) structure is given by
Hence
Let us construct a C ∞ pure and full deformation of (ω, J 0 ) depending on four real parameters and corresponding to the matrix
with respect to the dual basis (f 1 , . . . , f 4 ), where I is the identity matrix of order 4, J 0 is the matrix
with t, a, b, p, q ∈ R and satisfying
and L t is the real symmetric matrix of order 6 given by
and such that 6t 2 < 1. Then, by [3] (see Section 2) the almost complex structure J t is ω-calibrated. Consequently,
is an almost complex structure on M . Moreover, by [14, Proposition 1.5] J α satisfies the following condition:
Moreover, if n = 2, since in this case K 2 α = −||α|| 2 Id, then we have that 
(1) J α is ω-tamed if and only ||α|| 2 < 1;
(2) J α is ω-calibrated if and only α = 0 or ||α|| 2 = 1.
In this section we want to study the deformations J α of a pure and full almost-Kähler structure J. Following [14] , let us recall some general computations in dimension 4 in order to apply these to the solvmanifold M 4 and to the nilmanifoldM 4 constructed respectively in section 6.1 and 6.2. Both these examples have an almost-Kähler structure (J 0 , ω) with J 0 pure and full.
Let M be a 4-dimensional almost-Kähler manifold (M, J, g, ω). Locally, we may assume that the almost complex structure J is given with respect to an orthonormal coframe (e 1 , . . . and J 0 e 1 = e 2 , J 0 e 3 = e 4 . Consider the almost complex structure J α , given by (8) with b = 0, a = ±1, a = 0, then it turns out that J α is pure and full in both cases.
In the case of M 4 , we have 
